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Abstract 

We study the Cauchy problem for the generalized elliptic and non-elliptic derivative 
nonlinear Schrodinger equations, the existence of the scattering operators and the 
global well posedness of solutions with small data in Besov spaces i?2i(^ n ) an d 
in modulation spaces M| 1 (]R ?1 ) are obtained. In one spatial dimension, we get the 
sharp well posedness result with small data in critical homogeneous Besov spaces 
.Bf i- As a by-product, the existence of the scattering operators with small data 
is also shown. In order to show these results, the global versions of the estimates 
for the maximal functions on the elliptic and non-elliptic Schrodinger groups are 
established. 
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1 Introduction 



We consider the Cauchy problem for the generalized derivative nonlinear 
Schrodinger equation (gNLS) 

iut + A±u = F(u, it, Vu, Vtt), u(0,x) — uo(x), (1.1) 
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where u is a complex valued function of (t, x) G M x M. n , 

n 

A ± u = 5>^, £i e {1,-1}, i = l,...,n, (1.2) 
V = ^ n ), F : C 2n+2 -> C is a polynomial, 

F(«) = P(z 1 ,...,«2 n+2 )= ^ c /3 eC ' ( L3 ) 

m+l<|/3|<A/+l 

m, M G N will be given below. 

There is a large literature which is devoted to the study of (11. ip . Roughly 
speaking, three kinds of methods have been developed for the local and global 
well posedness of (11.11) . The first one is the energy method, which is mainly 
useful to the elliptic case A± = A = d\ +... + 9%. , see Klainerman [21], Klain- 
erman and Ponce [22], where the global classical solutions were obtained for the 
small Cauchy data with sufficient regularity and decay at infinity, F is assumed 
to satisfy an energy structure condition Re dF/d(Vu) = 0. Chihara [6117] re- 
moved the condition Re dF/d(Vu) = by using the smooth operators and 
the commutative estimates between the first order partial differential operators 
and id t + A, suitable decay conditions on the Cauchy data are still required in 
[6117] . Recently, Ozawa and Zhang [25] removed the assumptions on the decay 
at infinity of the initial data. They obtained that if n > 3, s > n/2 + 2, uq G H s 
is small enough, F is a smooth function vanishing of the third order at origin 
with Re dF/diyu) = V(#(|w| 2 )), 9 G C 2 , 9(0) = 0, then (HD has a unique 
classical global solution u G (C w nL°°)(R, H s )nC(R, F s - 1 )nL 2 (R; H^ {n _ 2) ). 
The main tools used in [25] are the gauge transform techniques, the energy 
method together with the endpoint Strichartz estimates. 

The second way consists in using the X s,b -like spaces, see Bourgain [3] and it 
has been developed by many authors (see [2|^ffT5] and references therein) . This 
method depends on both the dispersive property of the linear equation and 
the structure of the nonlinearities, which is very useful for the lower regularity 
initial data. 

The third method is to mainly use the dispersive smooth effects of the linear 
Schrodinger equation, see Kenig, Ponce and Vega [T7JT8]. The crucial point is 
that the Schrodinger group has the following locally smooth effects (n > 2): 



sup He 1 u \\ L 2 m xQa) < \\u \\h-i/2, (1.4) 

aeZ" 

rt 

sup 



V/ e^ A f( S )ds < £ ||/|| iL(RxQa) , (1.5) 



where Q a is the unit cube with center at a. Estimate (jl.5p contains one 
order smooth effect, which can be used to control the derivative terms in 
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the nonlinearities. Such smooth effect estimates are also adapted to the non- 
elliptic Schrodinger group, i.e., (11.41) and (jl.5p still hold if we replace e liA by 
e ltA± . Some earlier estimates related to (jl.4j) were due to Constantin and Saut 
0, Sjolin [SB] and Vega [33]. In [THTg] . the local well posedness of ([HP in 
both elliptic and non-elliptic cases was established for sufficiently smooth large 
Cauchy data (m > 1, uq G -£P with s > n/2 large enough). Moreover, they 
showed that the solutions are almost global if the initial data are sufficiently 
small, i.e., the maximal existing time of solutions tends to infinity as initial 
data tends to 0. Recently, the local well posedness results have been gener- 
alized to the quasi-linear (ultrahyperbolic) Schrodinger equations, see [T9f2T)] . 
As far as the authors can see, the existence of the scattering operators for 
Eq. (II. ip and the global well posedness of (11. ip in the non-elliptic cases are 
unknown. 



1.1 Main results 



In this paper, we mainly apply the third method to study the global well 
posedness and the existence of the scattering operators of (II. ip in both the 
elliptic and non-elliptic cases with small data in -Bf l5 s > 3/2 + n/2. We 
now state our main results, the notations used in this paper can be found in 
Sections 11.31 and 11.41 

Theorem 1.1 Let n > 2 and s > n/2 + 3/2. Let F(z) be as in (II. 3p with 
2 + 4/n < m < M < oo. We have the following results. 

(i) If WuoWb^ < 8 for n > 3, and \\u \\ BS n ^-i/a < 8 for n = 2, where 
5 > is a suitably small number, then (II. ip has a unique global solution 
u G C(R, BlJtlXo, where 

X ={u: ^ U ^ 1 »*l'i.W>-))~ S > 1(31 - 1 y (16) 

p^||^-i/2^+4/„ (L ^ n(L?migo)(RxQra)) < 8, < 1 

Moreover, for n > 3, the scattering operator of Eq. (11.11) carries the ball {u : 
IMI-B" J < 8} into B£ i- 

(ii) If s + 1/2 G N and ||mo||h s < <5 / or w > 3, and ||wo||#- sri ff-i/2 < 5 /or 
n = 2, where 5 > is a suitably small number, then (11.11) has a unique global 
solution u G C(R, IP) H X, where 

x = , . II^H^(LL(MXQ Q )) < 5, < * + 1/2 

||D n|| £ 2+4/ n(LtC « n(i 2m i?1)(|xQo)) < 5, < 1 



3 



Moreover, for n > 3, the scattering operator of Eq. (11.11) carries the ball {u : 
IM|h s < ^} into H s . 

We now illustrate the proof of (ii) in Theorem 11.11 Let us consider the equiv- 
alent integral equation 

u (t) = S(t)u - w/F(u, u, V«, V«), (1.8) 

where 

S(t) := e itA± , ^f:=[ t e l{t - s)A± f{s)ds. (1.9) 

Jo 

If one applies the local smooth effect estimate (11.51) to control the deriva- 
tive terms in the nonlinearities, then the working space should contains the 
space ^(L| Z (R x Q a )). For simplicity, we consider the case F(u,u,'Vu,'Vu) 
= (d xi u) v+1 . By (ll.4p and (11.51) . we immediately have 

\\^ U \\^(Ll x (RxQ a )) ^ IM|h1/2 + \\{d*i u Y + WlIJRxQc) 

~ II m o||hi/2 + \\^ u \\£^(q x (RxQ a ))\\^u\\£^(L^ x (RxQ a ))- 

(1.10) 

Hence, one needs to control || Vu||^(l°° (r x q q ))- In [T7|fT8j . it was shown that 
for v — 2, 

\\S(t)u \\p a (L^ x ([o,T]xQ a )) < C(T)\\uo\\ H ; s>n/2 + 2. (1.11) 

In the elliptic case (II. lip holds for s > n/2. (11.111) is a time-local version which 
prevents us to get the global existence of solutions. So, it is natural to ask if 
there is a time-global version for the estimates of the maximal function. We 
can get the following 

\\S(t)u \U» a (L™ x (RxQ a )) < C||w ||^, s>n/2, v>2 + A/n. (1.12) 

Applying 01.12p . we have for any s > n/2, 

\\^ u \\e^(L^ x (MxQ a )) < ||Vm ||// s + II V(9 Zl 'u) 1+,/ || L i( Ri ^ S ( M n)). (1-13) 

One can get, say for s = [n/2] + 1, 

\\V(dx 1 u) 1+U \\LHR,H<>(pL»)) ^ W D U h£(Ll x (RxQ a ))\\Vu\\£»(L? L-(KxQ a ))" 

\fl\<s+2 

(1.14) 

Hence, we need to further estimate ||Z)^w||^( L 2 (r x q q )) f° r & U \P\ < s + 2 
and ||Vtt||^(£ 2 "Lc»(RxQ a ))- We can conjecture that a similar estimate to (11.101) 
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holds: 

Yl \\ D U \\e^(L 2 tx (RxQ a )) 
\{3\<s+2 

< \\u \\ H s+3/2 + \\D P u\\ es , {L 2j RxQa)) \\Vu\\^ {L ^ ( Rx Q a ))- (i- 15 ) 

|/3|<s+2 

Finally, for the estimate of ||Vtt||^(i2^ i oo( RX Q a )), one needs the following 

ll 5 (*) u o||^(if £«(RxQ a )) ^ Clkoll^-i/-, s>n/2, z/>2 + 4/n. (1.16) 

Using (11.161) . the estimate of ||Vw||^( iy 2^ i o a ( Rx Q a )) becomes easier than that of 
|| Vw 1 1 ,«£(£«> (rxq^))- Hence, the solution has a self-contained behavior by using 
the spaces C(L t 2 x (Mxg a )), t a (L™(RxQ a )) and £ v a ( Lf 1 (RxQa))- We will 
give the details of the estimates (11.121) and (11.161) in Section [2j The nonlinear 
mapping estimates as in (j!.14p and (11.15P will be given in Section HI 

Next, we use the frequency-uniform decomposition method developed in 
[3T|32f33j to consider the case of initial data in modulation spaces M| 1; which 

is the low regularity version of Besov spaces B^i +& ', i.e., B^i +S C M| x 
is a sharp embedding and M| x has only s-order derivative regularity (see 
[27|29f32j . for the final result, see [33]). We have the following local well posed- 
ness result with small rough initial data: 

Theorem 1.2 Let n > 2. Let F(z) be as in (JT3D with 2 < m < M < oo. 
Assume that \\u \\ M 2^ < 5 for n > 3, and WuoWm^hh- 1 / 2 < 8 forn = 2, where 
5 > is sufficiently small. Then there exists a T := T(5) > such that (11.11) 
has a unique local solution u G C([0,T], M| x ) PI Y, where 




y 

!PM^(£ t ~ ([0,T]xQc,)) i$ 5 

Moreover, lim^o^X^) = 00 ■ 

The following is a global well posedness result with Cauchy data in modulation 

spaces M| x : 

Theorem 1.3 Let n > 2. Lei F(z) be as in (JO) wito 2 + 4/n < m < M < 
oo. Let s > 3/2 + (n + 2)/m. ^sswrne i/iot HmoHm^ < <5 /or rt > 3 ; and 
II m o|Im s nij-va < <5 /or Ji = 2, where 5 > is a suitably small number. Then 
(II. ip /ias a unique global solution u G C(R, Mf x ) PI Z, where 

u . ■I^ u II^- i/2 ^(^(kxq q)) £ 5 > i^ 1 > 

nCL^I^XRxQc,)) < 5, |/?| < 1 
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Moreover, for n > 3, the scattering operator of Eq. (11.11) carries the ball {u : 
IklUi j < 5} into M| :1 . 

Finally, we consider one spatial dimension case. Denote 

12 11 , 



Theorem 1.4 Let n = 1, M > m > A, u e B^f" C\B%1. A ssume that there 
exists a small 5 > such that \\uq\\ ni+% n is m < 5- TTien (11. ip /ias a unique 

global solution u G X = {w G ^"(M 1+1 ) : ^ where 

\\u\\ x = sup EE Ajit]|| s for m > 4, 

s m <s<s M j =0)1 JgZ 

NU = Z (\\ dl x u \\L?LinLi t + sup Zl^ A J' M l«) ^ or m = 4 ' 

1=0,1 ' Sm<S<SA/ jgZ 

IIIA^II, := 2"'(|| Ajv\\ LrLinLlt + 2^|| A jV \\ LrL 2) 

+ 2('-^||A iV || L m £f , + 2( s -^||A^|| L M ir . (1.20) 



Recall that the norm on homogeneous Besov spaces B\ l can be defined in the 
following way: 

oo / r 2J+i \ 1 / 2 

11/11^= E l^/cor* • (i.2i) 



Remarks on main results 



It seems that the regularity assumptions on initial data are not optimal in 
Theorems I1.1H1.3[ but Theorem 11.41 presents the sharp regularity condition 
to the initial data. To illustrate the relation between the regularity index and 
the nonlinear power, we consider a simple cases of (11.11) : 

iu t + A±u = < 1 , w(O) = 0. (1.22) 

Eq. (11.221) is invariant under the scaling u — > u\ = \^ 2 ~ v ''^ v ~ 1 'u{)^'t,\x) and 
moreover, 

IWIh*(r») = IM0,-)|lH.(Rn), 3= l + s„-i := l + n/2-l/(v-l). (1.23) 

From this point of view, we say that s = l + s u -i is the critical regularity index 
of (11.221) . In [23], Molinet and Ribuad showed that (jl.22p is ill-posed in one 
spatial dimension in the sense if si ^ s u ^ 1 + 1, the flow map of equation (11.221) 
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(f) — ► u (if it exists) is not of class C u from B S 2 \(R) to C([0, oo), I^'iW) at the 
origin = 0. For each term in the polynomial nonlinearity F(u,u, Vw, Vtt) 
as in fll.3p . we easily see that the critical index s can take any critical index 
between s m and 1 + %. So, our Theorem 11.41 give sharp result in the case 
m > 4. On the other hand, Christ [9] showed that in the case v — 2, n — 1, 
for any s G R, there exist initial data in H s with arbitrarily small norm, 
for which the solution attains arbitrarily large norm after an arbitrarily short 
time (see also [21] )• From Christ's result together with Theorems 11.41 we can 
expect that there exists mo > 1 (might be non-integer) so that for v — l> mo, 
s = 1 + s u -\ is the minimal regularity index to guarantee the well posedness 
of (11.221) . at least for the local solutions and small data global solutions in H s . 
However, it is not clear for us how to find the exact value of m even in one 
spatial dimension. 

However, in higher spatial dimensions, it seems that 1/2 + 1/M-order deriva- 
tive regularity is lost in Theorem 11.11 and we do not know how to attain the 
regularity index s > 1 + sm- 

In two dimensional case, if A± = A and the initial value w is a radial 
function, we can remove the condition u G H^ 1 ^ 2 , ||wo||jj-i/2 < 5 by using the 
endpoint Strichartz estimates as in the case n > 3. 

Considering the nonlinearity F(u, Vit) = (1 — |u| 2 ) _1 | Vn| 2fc u, Theorem 1.2 
holds for the case k > 1. Theorems 11.11 and 11.31 hold for the case k > 2. Since 
(1 — H 2 ) -1 = SfcLo l n | 2/ % one easily sees that we can use the same way as in 
the proof of our main results to handle this kind of nonlinearity. 



1.3 Notations 

Throughout this paper, we will always use the following notations. S^(M. n ) 
and J?"(R n ) stand for the Schwartz space and its dual space, respectively. 
We denote by L p (R n ) the Lebesg The Bessel 

potential space is defined by H°(R n ) := (I-A)- s ^L p (R n ), H s (R n ) = H s 2 (R n ), 

H s (R n ) = (— A)~ s / 2 L 2 (M n ){l] For any quasi-Banach space X, we denote by 
X* its dual space, by L P (I,X) the Lebesgue-Bochner space, : = 

{Si WfiWxdt) 1 ^- If X = L r (n), then we write L P {I \L r {Vt)) = L p t L r x (I x fi) 
and L v t x {l x Q) = L P L X (I x Q). Let Q a be the unit cube with center at a G Z n , 
i.e., Q a = a + Qo,Qq = {x = (xi,...x n ) : —1/2 < Xi < 1/2}. We also needs 



M. n will be omitted in the definitions of various function spaces if there is no 
confusion. 
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the function spaces l q a {L v t U x {I x Q a )), 

Wf\\lUL p t Lr(IxQ a )) ■= H/llifL S (JxQa) 
\a£Z n 

We denote by & the (inverse) Fourier transform for the spatial vari- 

ables; by &t (J^~ ) the (inverse) Fourier transform for the time variable and 
by &t,x i^fx) the (inverse) Fourier transform for both time and spatial vari- 
ables, respectively. If there is no explanation, we always denote by the 
dyadic decomposition functions as in (11.251) ; and by a^(-) the uniform decom- 
position functions as in (11.271) . u-kv and u * v will stand for the convolution 
on time and on spatial variables, respectively, i.e., 

(u*v)(t,x)= / u(t — r, x)v (t, x)dr, (u*v)(t,x)= / u(t,x — y)v(t,y)dy. 

M, N and Z will stand for the sets of reals, positive integers and integers, 
respectively, c < 1, C > 1 will denote positive universal constants, which can 
be different at different places, a < b stands for a < Cb for some constant 
C > 1, a ~ b means that a < b and b < a. We denote by p' the dual number 
of p G [l,oo], i.e., l/p + l/p' = 1. For any a > 0, we denote by [a] the minimal 
integer that is larger than or equals to a. B(x,R) will denote the ball in R n 
with center x and radial R. 




1.4 Besov and modulation spaces 



Let us recall that Besov spaces Bp q := B^iW 1 ) are defined as follows (cf. 
[TTI30] ). Let ip : IR n — > [0, 1] be a smooth radial bump function adapted to the 
ball 5(0,2): 



1, |£I<1, 

smooth, |f I G [1,2], 
0, |e|>2. 



1.24) 



We write S(-) := ip(-) — ip(2 •) and 



(fj := 5(2 3 -) for j > 1; (f := 1 -^(fj. 



;i.25) 



We say that Aj := & Vj=^ > j G N U {0} are the dyadic decomposition 
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operators. Beove spaces B s vq = Bp q (M. n ) are defined in the following way: 



1/9 

fey'(R n ): \\f\\Bs q =[Y, 2SJq W^m) <°°\- (1-26) 



Now we recall the definition of modulation spaces (see [T2"lll3ll31f32ll33| ). Here 
we adopt an equivalent norm by using the uniform decomposition to the fre- 
quency space. Let p G J^(K n ) and p : M. n — > [0, 1] be a smooth radial bump 
function adapted to the ball B(0,y/n), say p(£) = 1 as |£| < y/n/2, and 
P(0 = as |£| > y/ri. Let pk be a translation of p: Pk{£) = p(£ ~~ k), k G Z n . 
We write 

= Pfc(0 [ E p*(o) , fcez". (1-27) 

Denote 

□ fc : = JT-VfcJf, fc G Z n , (1.28) 
which are said to be the frequency-uniform decomposition operators. For any 



k G Z n , we write (k) = Jl + \k\ 2 . Let s G R, < p, g < oo. Modulation 
spaces Mp = Mp j(? (IR n ) are defined as: 

Mp% = {/ G ^'(M n ) : ||/|U* 9 = [ E ( k Y q W U *f\\l\ < °4 • (1.29) 

We will use the function space t\f t q J^L\L r x {I x Q a )) which contains all of the 
functions f(t,x) so that the following norm is finite: 



1/9 



eh s ei(L p t L-(ixQ a )) ■- W I U^kj \\ L p L r {IxQa) 



E ( k ) s E \\ u kf\\ q L v L r MxQa) ] . (l.so) 

Similarly, we can define the space ^i q a (lT t x (l x Q a )) with the following norm: 



1/9 



£^(L?L E (/xQ Q )) : ~ E 2 ^ E H A i/lll,fLJ(7xQ«) • (!- 31 ) 

A special case is s = 0, we write l^P a {L\L r x {I x Q a )) = £^(Z| L r x (I x Q a )) 
and 4°^(L?^(7 x Q a )) = &i»(L?I£(J x Q a )). 

The rest of this paper is organized as follows. In Section [2] we give the 
details of the estimates for the maximal function in certain function spaces. 
Section [3] is devoted to considering the spatial local versions for the Strichartz 
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estimates and giving some remarks on the estimates of the local smooth effects. 
In Sections HH7J we prove our main Theorems I1.1H1.4[ respectively. 



2 Estimates for the maximal function 



2.1 Time-local version 



Recall that S(t) = e~ itA± = J^V* 1 ^ J^, where 



l£l± = £ £ 4, e j = ±l. (2.1) 
Kenig, Ponce and Vega [17] showed the following maximal function estimate: 

v 1/2 

E \\S(t)u \\l^ T]xQa) ) <C(T)\\u \\ Ha , (2.2) 

where s > 2 + n/2. If = e~ itA , then (JES) holds for s > n/2, C{T) = 
(1 +T) S . Using the frequency- uniform decomposition method, we can get the 
following 

Proposition 2.1 There exists a constant C(T) > 1 which depends only on T 
and n such that 



E E 



1/2 

n kS{t)uo\\t^j[ , T ] xQa ) I < C(T)||w || M i/2, (2.3) 



In particular, for any s > (n + l)/2, 



1/2 

E II S(t)u \\ 2 L?x([0 , T]xQa) I < C(T)\\u \\ H s. (2.4) 



Proof. By the duality, it suffices to prove that 

/ (S(t)u ,llj(t))dt < ||w || M i/2 SUp E ll D ^W|lii ([0,T]xQ Q ) • ( 2 - 5 ) 



10 



Since (M^ 2 )* = we have 



1/2 



(S(t)u ,tP(t))dt<\\u \\ Ml/ 2 



S(-t)ip(t)dt 



M. 



-1/2 



(2.6) 



Recalling that 



M. 



-1/2 



sup fegZ n{A;) 1 / 2 ||D fc /|| 2 , we need to estimate 



□ fc f T S(-t)i;(t)dt 
Jo 

= £ (n k ii>(t), S(t - T)n k ^( T )d^j dt 

[ T S(t-r)D k ^(r)dr 
Jo 

f T S(t-r)n k tp(r)dr 
Jo 



kW\\L\J[G,T\xQ a ) 



< E 11° 



([0,T]xQ a ) 



(2.7) 



e 2 a (Lr x ([0,T]xQ a )) 



If one can show that 

f T S(t-T)a k ^(r)dT 
Jo 



< 



^(L- ([0,T]xQ Q )) 



C(T)(k)\\n k ^\\ e2a{Li 

x ([0,T}xQ a )), 



(2.8) 



then from <E7S j> — f|275|> we obtain that fl23D holds. Denote 

A := {f £ Z" : supp ae fl supp <t 7^ 0}. (2.9) 
In the following we show (12. 8p . In view of Young's inequality, we have 



f T S(t-r)O k ^(r)dr 
Jo 



< 



E 

£eA 

E 



L^([0,T]xQ„) 

/ T 5(t-r)n fc+£ D fc ^(r)rfr 

JO 



L- ([0,T]xQ a ) 



L»([0,T]xQ a ) 



< E E |^V t|sl W) 

^GA/3SZ n 



if. (l-T,T\xQ p ) 11 fcV, ll L J.«([°.T|xWa-0/j))- 

From (I2.10p and Minkowski's inequality that 
f T S(t-r)n k ^(r)dr 

° £2(L-([0,T]xQ Q )) 

< E E I^^W.) 



(2.10) 



feA/3e2 



• (2-11) 
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It is easy to see that 

\\ n ki J hl(Ll x ([0,T]x(Q a -Q l3 ))) ^ Il n fc^ll^(ij >ie ([0 i r|x0a))- ( 2 ' 12 ) 

Hence, in order to prove (12.81) . it suffices to prove that 



In fact, observing the following identity, 

\&-\eW±a k )\ = |^- 1 (e i ^l± C 7o)(- + 2tk ± )\, (2.14) 
where k± = (e±ki, ...,e n k n ), we have 

||^- 1 (e it| ^ ( x fc )||^([o,T]xQ,) < ll^- 1 (^ l ^o)IU rx([ o,T]xQ; ife ), (2.15) 

where 

Q*p k = {x : x G 2t/c ± + Qp for some £ G [0,T]}. 
Denote Ap jk = {(3' : Qp, n Q^ fc 7^ 0}. It follows from (l2~T5j) that 

E ll^- 1 (e ttK|a± ^)llL5,(IP,T|xg < ,)< E E II^~V^^IU~([o,t]xQ,,)- 

(2.16) 

Since each overlaps at most 0(T{k)) many Q^/, G Z n , one can easily 

verify that in the sums of the right hand side of (12.161) . each \\^~ 1 (e lt ^ ± ao)\\L^ x ([o,T]xQ l3 , 

repeats at most 0(T(k)) times. Hence, we have 

E ll^- 1 (e tt|€l ^*)lliCMxg,)<<fc> E II^V^o)||l^[o,t]xq,). 

(2.17) 

Finally, it suffices to show that 

E ll^" 1 (e^ l ^o)||^ ([0 ,T]xQ,) < C(T). (2.18) 



Denote Vt )Z = (9*, <9 Xl , <9 Xn ). By the Sobolev inequality, 

^([0,T]xQ 5 ) 



E II^" 1 (^ I ^o)||l^ ([ o,t]xq,)< E H^V^^Ui- 



/3ez n /3ez™ 

+ E llv^-V t|el ^o)IL ? ««o,T]xQ,) 



--I + II. (2.19) 



12 



By Holder's inequality, we have 

l/2n 



11 Z\ E \{l + \x?YVt, x &-\j ml v») 



2n 

if"([0,T]xQ 5 ) 



i=l 

+ |^- 1 (/-A)"(e i ^±|e||a ; 



Lg([0,T]xR") 



<C(T). (2.20) 

One easily sees that / has the same bound as that of II. The proof of (12.31) 
is finished. Noticing that H s C M^ 2 if s > (n + l)/2 (cf. [2H1I52T53] ) . we 
immediately have (12 .4p . □ 



2.2 Time-global version 

Recall that we have the following equivalent norm on Besov spaces ( [Tf3"0"] ) 
Lemma 2.2 Let 1 < p, q < oo, a > 0, a ^ N. Then we have 

I \hr-w\\A h DPf\\i P[Rn) dh) 

l/3|<H l/3|<H 



l/lk«~ E P / 7IU* W + E (7 \h\- n - q{ ° } \\ a,^/|| 



(2.21) 



where Ah f = /(• + /i) — /(•)> M denotes the minimal integer that is larger 
than or equals to o, {a} = a — [a]. 



Taking p = q in Lemma I2.2[ one has that 



E H^/HW", + E LI JX^ ] ' dxdh - (2 ' 22 



|/3|<H |/3|<M M M 

Lemma 2.3 Let 1 < p < oo, s > 1/p. Then we have 



\ i/p 

E IMIi-CRxQcO ~ ^) s/2 w|U P (R,B£!,(ffin)). (2.23) 



Proof. We divide the proof into the following two cases. 
Case 1. ns £ N. Due to if'(R) C L°°(R), we have 

\L^ x (RxQ a ) < ||(J - 9 2 ) s/2 m|| LS o L p (QqXI 



It 
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< \\(I-d?y/ 2 u\\ L v L ~ {UxQcx) . (2.24) 
Recalling that cr a (x) > 1 for all x G Q a and a G Z n , we have from ( 12.24ft that 
IhlU^CiRxQa) < || U - d^) s/2 a a u\\ L p L ^(^ xR ny (2.25) 
Since S^,(R n ) C L°°(M n ), in view of (12T25) . one has that 

||w||l« (MxQ a ) < ||U - 5t) S/2 0"aW||iJ>(K,B^(lR»))- (2.26) 

For simplicity, we denote v = (I - <9 2 ) s/2 w. By ( F2T221 and (|2T26|) we have 

ENrw^ E £ / R II^K-)WIIW)^ 



a£Z™ |/3|<fnsl aSZ" 



'|<[ns] aGZ" 



n ./ran 



|^|n+p{ns} 



:=/ + //. (2.27) 
We now estimate /J. It is easy to see that 
| A h D p (a a v)\ < J2 I ^h(D^a a D^v)\ 

^ (\D^a a (- + h) A h D^v\ + \(A h D^a a )D^v\). 

(2.28) 

Since suppo^ overlaps at most finitely many suppcig and 073 = <r (- — /3), 
p G Z n , it follows from (l2T2"g|) . |D ft «7«| < 1 and Holder's inequality that 



11 ~ e ££ £ e 

la 1 iTT^r i -/R "'K' 1 ~ZZ„ 



l/9i|,|/3 2 |<M °eZ' 



|^|n+p{ns} 



|/3|<M/3i+/3 2 =/3 JK I"! 

x sup 

h a6 p JB{0,y/n)UB{-h,^n)) 

< E / / / 

+ IKIfe p E ££ |^(x)|^ 

|/?|<[ns] 

~ lkllLP(R,B»|,(]E™))- (2.29) 

Clearly, one has that 

I ~ lkllLP(K,B»»(K n ))' (2.30) 
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Collecting (l2T2Tjl . (T2~29l) and (T2T30D . we have (12T23]) . 

Case 2. e N. One can take an si < s such that s\> 1/p and nsi ^ N. 
Applying the conclusion as in Case 1, we get the result, as desired. □ 

For the semi-group S(t), we have the following Strichartz estimate (cf. [14]): 



Proposition 2.4 Let n > 2. 2 < p, p < 2n/(n - 2) (2 < p, p < oo if n = 2) , 
2/ 7 (-) = n (l/2 - I/-)- VFe kue 

II 5'(^)'"o|li^(p)(iR,iP(R«)) < H m o||l 2 (k™) ; (2-31) 

II^-^IIl^(p)(m,lp(r™)) ^ II^IIl^W^lp'cr"))- (2.32) 

If p and p equal to 2n/(n — 2), then (12.311) and (I2.32p are said to be the 
endpoint Strichartz estimates. Using Proposition I2.4[ we have 

Proposition 2.5 Let p > 2 + 4/n := 2*. For any s > n/2 ; we nave 

\ Vp 

E II 5 W u o|Il- (Kx q q) <||%||if- (2.33) 

Proof. For short, we write (d t ) = By Lemma |2~3"1 for any s > 1/2*, 

f \1/P / \V2* 

E ll 5 (*) M o||i,~ (r x q q ) < E ll'S'W^olll-JRxQ,,) 

< \\(d t y°S(t)u \\ L2 * {R ^o 2ARn)) . (2.34) 

We have 

oo 

\\{dt) So S(t)uo\\^^ B n :Unn)) = £ 2™° k2 *\\(d t ) s °A k S(t) Uo \\^ {ul+ny (2.35) 

fc=0 

Using the dyadic decomposition to the time-frequency, we obtain that 

oo 

\\(d t ) s ^kS(t)u \\ Lr < £ H^^^V.M^e^l^^O^oll^ • (2.36) 

Noticing the fact that 

(^r 1 (r) S( V,(r))^ e i ^ 2 ± =ce i ^ 2 ± ^(|e||)(|el|) S0 , (2.37) 
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and using the Strichartz inequality and Plancherel's identity, one has that 

oo 

\\{d t y°A k s(t)u \\ L? < j: \\s{t)K\\tf±) so vMl)vm&M\ Lr 

j=0 



OO 



< E \\^\\^\lr°^M\l)MO^u \\ Llm 



j=0 



oo 



< 2 ^ ^ n^-VideiD^co^ik^-). (2.38) 

i=o 

Combining (I2.35|) and (12.381) . together with Minkowski's inequality, we have 

1 1 (d t ) 30 S (t ) M 1 1 L 2 * (R,B™ a 2t (R» ) ) 

oo / oo \ 1/2* 

< E E2 (n+2)sofc2 l^-Vi(ieii)^o|ia (R .) 

j=0 \fc=0 / 

oo 

< E ||^-Vi(iei±)^«o|| fl (^).o. (2-39) 
i=o 

In view of H^ n+2 ^ S0 C and Holder's inequality, we have for any e > 0, 



j=o 2 ' 2 i=o 



E n^'"Vj(iei±)^«oll fl (^).o < E n^-VideiD^oLc^o 

< I IZ 22i£ |l^"Vi(|e||)^0|lW^0 ' 



(2.40) 



< 



By Plancherel's identity, and supp^(|f||) C {£ : \\£\ 2 ±\ G [2' _1 , 2^' +1 ]}, we 
easily see that 

l ' 2 ( oo X ^ 

E2 2i 1l^-Vi(l^ll)^oll 2 ,( n+2 ) S o I < ElKieiDVideiD^ll^o 

vi=o / \j=o 

E ll^(lfl±)^ M o||tf(» + 2) B(H 

< ||mo||h(™+ 2 ) s o+ 2e - (2-41) 

Taking s such that (n + 2)s + 2e < s, from (|2.39p - (j2.4ip we have the result, 
as desired. □ 

Next, we consider the estimates for the maximal function based on the 
frequency-uniform decomposition method. This issue has some relations with 
the Strichartz estimates in modulation spaces. Recently, the Strichartz esti- 
mates have been generalized to various function spaces, for instance, in the 



1(3 



Wiener amalgam spaces [TUfTl] . Recall that in [32], we obtained the following 
Strichartz estimate for a class of dispersive semi-groups in modulation spaces: 

U(t) = ^-y PK) ^, (2.42) 

P(-) : W 1 — ► R is a real valued function, which satisfies the following decay 
estimate 

\Mt)f\\M« q <(l + \t\y 5 \\f\\ MpW (2.43) 
where 2 < p < oo, a = a(p) G K, 5 = 5(p) > 0, a, 5 are independent of i G M. 

Proposition 2.6 Lei {/(£) satisfy (12.431) and (12.441) . We have for any 7 > 
2V(2/5), 

MWL-tQwg) £ ( 2 - 44 ) 

Recall that the hyperbolic Schrodinger semi-group S(t) = e lfA± has the same 
decay estimate as that of the elliptic Schrodinger semi-group e ltA : 

\\S(t)u \\L°°(R") ^ |^| _n ' 2 ||Wo||L 1 (]R™))- 

It follows that 

l|S(*H||M^<ir n/ 1^o||M M . (2.45) 

On the other hand, by Hausdorff-Young's and Holder's inequalities we easily 
calculate that 

|| a k S(t)u \\L^(R^) < W-^~ ] 'Cr k+ e^ r D k S(t)Uo\\L^(R") 

~ ||o"fc+^ D fe M o|Ui(R") < || n fc«o||Li(K")' 

where A is as in (12.91) . It follows that 

\\S(t)u \\ Mool < ||uo||m m - ( 2 - 46 ) 
Hence, in view of (I2.45P and (I2.46p . we have 

l|5W«olk 00 , 1 <(l + KI)" B/2 ||«o|k llI . (2-47) 
By Plancherel's identity, one has that 

\\S(t)u \\ M2A = ||n || M21 . (2.48) 
Hence, an interpolation between (12.471) and (12.481) yields (cf. 

ii^oik^^a+itD-^-^ihoik^. 
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Applying Proposition 12.61 we immediately obtain that 

Proposition 2.7 Let 2 < p < oo, 2/ r y(p) = n(l/2 — 1/p). We have for any 
7 >2V 7 (p), 

H^HII^orm^ < ||w |U 2;1 - (2.49) 
In particular, if p > 2 + 4/n := 2* , then 

II^(*) u oIU(m,m;/ 2 ) ~ II u o||m 2 ,i- (2-50) 

Let A = {f G Z" : supper^ PI supp<T ^ 0} be as in (12.91) . Using the fact 
that D k D k+i = if £ ^ A, it is easy to see that (12.501) implies the following 
frequency-uniform estimates: 

II o k S{t)u \\ L P xiRxm < || a k u \\ 2 , k e IT. (2.51) 
Applying this estimate, we can get the following 

Proposition 2.8 Let p > 2 + 4/n := 2* For any s > (n + 2)/p, we have 

E E II n kS(t)u \\ p L?1JRxQa) < ||uo||m 2 v (2.52) 

Proof. Let us follow the proof of Proposition 12.51 Denote (d t ) = (I — 5 2 ) 1 / 2 . 
By Lemma [2.31 for any s > 1/p, 

E E II n kS(t)uo\\ p LrAKxQa A < \\(dt) S0 S(t)n k u \\ LPiRiB ™ a{Rn)) 

£ E \\( d t) So S(t)D k uo\\ LP{RjH ^o iR u )} , 
kez n 

(2.53) 

where we have used the fact that Hp S °(R n ) C £?™p°(IR n ). Since supper^ C 
B{k, yVi/2), applying Bernstein's multiplier estimate, we get that 

E \mrs(t)n kUo \\ LP ^ H; s 0(Kn)) < y: (kr-\\(d t rs(t)n kUo \\ LPtxiR1+n) . 

(2.54) 

Similarly as in (12.381) . using (I2.5ip . we have 

oo 

\\(d t y°s(t)n kUo \\ LPAR1+n) < y: ll^r 1 (ieiD* vi(ieii)e B|cl ' ± ^(0^.«olk.(»^) 

3=0 
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< EW 2SO II^Vi(l^ll)^(0^o|Ul(^). (2.55) 

3=0 

In an analogous way as in (I2.4(jp and (12.411) . we obtain that 

oo 

E(A;) 2so ||^ x 7V,(ieil)^(0^o|Ui(^) < (k) M \\ n kUo \\ Lim . (2.56) 

3=0 

Collecting (l2"35]) - fl2"3Bl) . we have 

E [ E II a ^(t)u4i ?JRxQa) ) < £ (fc)(^) S0+2l | n ^ | U|(RTl) . 

(2.57) 

Hence, by f l27o7j) we have (12321) . □ 

Using the ideas as in Lemma 12.31 and Proposition 12. 5\ we can show the 
following 

Proposition 2.9 Let p > 2 + A/n := 2*. Lei 2* < r, q < oo, s > 1/2* - 1/q, 
si > n(l/2* — 1/r). Then we have 

\ Vp 

W S ( t ) U o\\Li(R,Lr(Q a ))\ < \\ u 1| H°i+2°o- (2.58) 



In particular, for any q,p > 2* , s > n/2 — 2/q, 



i/p 



E H 5 (*) U o||L*(K,L~(Q a )) ^ll«olk«- (2-59) 



lL9(R,L°°(Q a )) 



Sketch of Proof. In view of i 2 C £ p , it suffices to consider the case p = 2* 
Using the inclusions H*°(R) C L q (R) and Bg p (R n ) C L r (lR n ), we have 



P L'(R,L 



'CQ„)) £ IK' " ^) S0/2 ^w|L p(m ,b- (*»))• (2-60) 



Using the same way as in Lemma [2731 we can show that 

E IMIi^R, I/-(Q a )) J 75 IK-^ — ^ 2 ) S °^ 2 ' u IIlp(IR,b;i,(M™))- (2-61) 

One can repeat the procedures as in the proof of Lemma 12.31 to conclude that 



E ll( J - d'r^s^uoWi^^ < E \\^-^M\ 2 ±)^o\\ H ^ 0{m . 

aez» p ' p j=0 

(2.62) 
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Applying an analogous way as in the proof of Proposition 12.51 

oo 

||^ r_ Vi(lC|±)^"'"o||ff s i+ 2s o(R«) < ||uo||if»i+2« +2e- (2.63) 

3=0 

Collecting fl23T|) and fl2T63|) . we immediately get fl23H|) . □ 
Proposition 2.10 For any q > p > 2* , s > [n + 2)/p — 2/q, 

E E II n kS(t) u o\\ P L> 1 (R,L°°(Q a ))) < IkolU/i^. (2.64) 



3 Global-local estimates on time-space 

3.1 Time-global and space-local Strichartz estimates 

We need some modifications to the Strichartz estimates, which are global on 
time variable and local on spatial variable. We always denote by S(t) and srf 
the generalized Schrodinger semi-group and the integral operator as in (jl.9p . 

Proposition 3.1 Let n > 3. Then we have 

sup \\S(t)uo\\ L 2 xiRxQa) < |K|| 2 , (3.1) 

sup KF|U (RxQa) < X! II^ILj^OaxQa)- ( 3 - 2 ) 

sup KF|U (KxQa) < ]T \\F\\ L 2 JmxQa) . (3.3) 



oe2 



aG2 



Proof. In view of Holder's inequality and the endpoint Strichartz estimate, 

\\S(t)u \\ L 2j RxQa) < ||S(t)u || L?i 2n/(n-2) (RxQa) 

< ||5(t)n || L?i 2„/(„-2) (KxRn) 

< ||w |Ui(R«)- (3.4) 

Using the above ideas and the following Strichartz estimate 

H^ILfLf/^CKxM") ~ II^IUliKKxR"), (3-5) 

II^ F Hl2l^"- 2 >(rxR") ~ II F Hl 2 l^/("+ 2 )(rxR")' (3.6) 
one can easily get (13.21) and (13.31) . □ 
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Since the endpoint Strichartz estimates used in the proof of Proposition 13. II 
only holds for n > 3, it is not clear for us if (13.11) still hold for n = 2. This is 
why we have an additional condition that Uq E H~ 1 / 2 is small in 2D. However, 
we have the following (see [T7] ) 

Proposition 3.2 Let n = 2. Then we have for any 1 < r < 4/3, 

sup \\S(t)u \\ L 2 (RxQ } < min(||(-A)- 1/4 w || 2 , \\u \\ L 2 nL r {Rn) ) . (3.7) 

o6Z" *' x v ' 

In the low frequency case, one easily sees that (13.71) is strictly weak than (13. ip . 
Proof. By Lemma [3 A\ it suffices to show 

SUP \\S(t)Uo\\ L 2 (RxQ } < |K|| L 2 ni r (R n). (3.8) 

Using the unitary property in L 2 and the L p — L p ' decay estimates of S(t), we 
have 

\\S(t)u \\ Ll(Qa) < (1 + |t|)^ 2/r ||%||L^(M"). (3.9) 

Taking the L\ norm in both sides of (13. 9p . we immediately get (I3.8p . Hence, 
the result follows. □ 

Proposition 3.3 Let n = 2. Then we have 

sup (RxQq) < £ ||F|| L i L 2 (RxQa) . (3.10) 

Proof. We notice that 

\\s(t)f\\ L i {Qa) ^(i + ltl)- 1 !!/!!^^)- (3.ii) 

It follows that 

K^Hl^) < It-rir^FWhinrtwdT. (3.12) 
Using Young's inequality, one has that 

II^IIl^CRxQcO ~ II^IU^K.LinLKM"))- (3.13) 

In view of Holder's inequality, (13. 131) yields the result, as desired. □ 
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3.2 Note on the time-global and space-local smooth effects 



Kenig, Ponce and Vega [1~6"][T7] obtained the local smooth effect estimates 
for the Schrodinger group e 1<A , and their results can also be developed to 
the non-elliptical Schrodinger group e ltA± ([IB])- On the basis of their results 
and Proposition 13.11 we can obtain a time-global version of the local smooth 
effect estimates with the nonhomogeneous derivative (7 — A) 1//2 instead of 
homogeneous derivative V, which is useful to control the low frequency parts 
of the nonlinearity. 

Lemma 3.4 (Tffl$) Let ft be an open set in ~R n , <fi be a C 1 (f2) function such 
that V0(£) 7^ for any £ G ft. Assume that there is N G N such that for any 
f := ...,f„_i) G IR' 1 " 1 andr G R, the equation 0(fi, £ k , x, Ck+i, = 
r has at most N solutions. For a(x,s) G L°°(M. n x R) and / G ^(R"), we 
denote 



= / e^ + ^a(x,0(O)/(O^. (3.14) 

7/ien /or n > 2, we have 

\\W(t)f\\ LURxmR)) < CNR^lWV^fW^ay (3.15) 

Corollary 3.5 Let n>3, S(t) = e itA± . We have 

sup \\S(t)u \\ L 2 (MxQq) < ||«o||jr-i/a, (3.16) 

11^/11^(^1/2) < 51 ll/IUf, x (MxQ a )- (3-17) 



QG2 



For n = 2, (13.171) a/so ZioWs i/ one substitutes 77 1 / 2 &?/ 77 1//2 . 

Proof. Let ft = K™ \ 5(0,1), 0(f) = and ^ be as in fTOIj) . a(x,s) = 

1 - ^(s) in Lemma GOO Taking W(t) := S{t)^-\l - tp)^, from (1315]) we 
have 

sup \\S(t)J?-\l -iP)J?u Q \\ Lh(RxQa) < m- 1/2 u \\ L2(Kn \ mi)) . (3.18) 

It follows from Proposition 13.11 that 

WS^^-^uohi^Q^ < ||^V^ |Ui( R «) 

< ll«o|U|(B(0,2))- (3-19) 

From (13.181) and (13 . 1 9[) we have (I3.16p . as desired. (I3.17P is the dual version 
of (ISTTB]) . □ 
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When n = 2, it is known that for the elliptic case, the endpoint Strichartz 
estimate holds for the radial function (cf. [28]). So, Corollary 13.51 also holds 
for the radial function uq in the elliptic case. The following local smooth effect 
estimates for the nonhomogeneous part of the solutions of the Schrddinger 
equation is also due to Kenig, Ponce and Vega [17p1 . 

Proposition 3.6 Let n > 2, S(t) = e itA± . We have 

sup ||V^/|| L? (MxQq) < £ ||/|| iL(RxQa) . (3.20) 



4 Proof of Theorem 11.11 



Lemma 4.1 (Sobolev Inequality). Let O C M" k a bounded domain with 
G C m , m,£ GNU {0} ; 1 < r,p,g < oo. issume that 

±< 9 <i, i-i =9 a-T> i -° 



m p n \r n 

Then we have 

E \\D P u\\ LP( n) < \\u\\l^ u) \\u\\ e Wrm{n) , (4.1) 

\p\=t 

where \\u\\ Wr ^) = E|/3|<m IklU^n). 

Proof of Theorem 11.11 In order to illustrate our ideas in an exact way, 
we first consider a simple case s = [n/2] + 5/2 and there is no difficulty to 
generalize the proof to the case s > n/2 + 3/2, s+1/2 G N. We assume without 
loss of generality that 

F(u, u, Vn, Vn) := F(u,Vu) = ^ c RV1 ... Vn u K u v x \ ...<;, (4.2) 

where 

A«,,/ = {(«, z/i, ^n) : m + 1 < « + z/i + ... + v n < M + 1}. 

Since we only use the Sobolev norm to control the nonlinear terms, u and u 
have the same norm, whence, the general cases can be handled in the same 
way. Denote 

X-y(v) := 1^11^(1,2 (RxQ a ))> 



2 In [T7|, the result was stated for the elliptic case, however, their result is also 
adapted to the non-elliptic cases. 
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X 2 (v) :- lkll^*(L» (RxQ a ))> 
^3{V) ■= \\v\\ e g( I 2*»L°°(RxQ a ))- 



Put 



a : X) X ^ u ) + E E M^) < - (4.3) 

\0\<[n/2]+3 |/3|<ii=2,3 J 

We consider the mapping 

& :u(t)-> S(t)uo-is/F(u,Vu) t (4.4) 

and we show that ST : 3l n — > ^ n is a contraction mapping for any n > 2. 

S'tep 1. For any it G @ n , we estimate \i(D@ ^u), < 3+[n/2]. We consider 
the following three cases. 

Case 1. n > 3 and 1 < < 3 + [ra/2]. In view of Corollary 13.51 and 
Proposition 13.61 we have for any /3, 1 < \/3\ < 3 + [n/2], 

Axp^u) < HS-CO^oll^^JKxQ,,)) + E K^(«"<-OII^(^.(RxQ a )) 

A K ,„ 

<Hk s + E E E ll^(«"<»Olk,.(«xg a ). (4-5) 

|/3|<2+[n/2] A re ,„ aeZ" 

For simplicity, we can further assume that u K u v ^ l ..M v 3 T r = u K u v Xi in (I4.5p and 
the general case can be treated in an analogous way 3 1. So, one can rewrite 
(USD as 

E AxCD^i*) < Kllfl. + E E E PVXJIL^xq.)- 

l<|/3|<3+[n/2] |/9|<2+[n/2] A«,„ ct£Z" 

(4.6) 

It is easy to see that 

I^VOI < E |£> ft u.... J D^MD^+ 1 u xl ... J D^"u xl |. (4.7) 

/3i + ...+/3 K+ „=3 

By Holder's inequality, 

ii^vokpw < e n pni^) ff ii^iiis. ( g B ,, 

/9i+...+/9 K+l ,=^i=l t=«+l 

(4.8) 



One can see below for a general treating. 
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where 

hl^l/IAI, > 1, 

Pi = 1 

[00, |/3«| = 0. 

It is easy to see that for 9i = \/3i\/\/3\, 

1 \0A . (\ \0\\ 1 
= o; 



Pi n \2 n J 00 

Using Sobolev's inequality, one has that for B a := {x : \x — a\ < 

\\D^u\\ L , HQa) < \\D^u\\ LPxHBa) < \\u\\^%Ju\\l^ Bay 1 = 1, (4.9) 
IP^illLS'CQa) £ ll u *illi»% a )ll u *illSH/J| (Ba) » i = «+l,...,/e+i/. (4.10) 
Since 

£0i=l, £(l-0i)=K + Z/-l, 

i=l i=l 

by (Q|l - (ODl> we have 

II^KOIUkq.) < E (I^IUfi^ + ll^xlUfi^)) 

|/3|<2+[n/2] 

X (ll u lli»(B a ) + ll^llli^Bc)) 

< E ll^lk^) E ll^lISi- (4-n) 

| 7 |<3+[n/2] |/3|<1 

It follows from fliTTTD and F C that 

E E PV<)IIll(mxq q) 

|/3|<2+[n/2] aSZ n 

< E E IP 7 «IIl?.<ix*,) E II^SU) 

qGZ" |7|<3+[n/2] |/3|<1 

< E MWu) E AaCl^ti)^ 1 < ^ + ". (4.12) 

M<3+[n/2] \(3\<l 

Hence, in view of (14.61) and (14.121) we have 



M+l 



Y: x 1 (d^u) < \\u \\ Hs + E e K+v - ( 4 - 13 ) 

l<|/3|<3+[n/2] K+i/=m+l 



Case 2. n > 3 and = 0. By Corollary 13.51 the local Strichartz estimate 
(13. 2p and Holder's inequality, 

Ai(^V) < \\S(t)u \\ is>{L 2j RxQa)) + \\£/F( Ul Vu)\\^ iL 2j RxQa)) 

< NII2 + E \\F(u,Wu)\\ L i Ll{RxQa) 

aez n 
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SKIh + E E \W K K\-Ki\\ L iLmxQ a ) 

M+l 

^Kl|2+ E E SU P P 7 «IUf,(KxQ„) 
K +^=m+l | 7 |<1 «6 p 

II ll L 2(^ + ^ !) L oo RX Q ) 

M+l 

< hoh + E E M^) E E Ai(i^ti)^ 1 

K +^=m+l| 7 |<l i=2,3|/3|<l 
M+l 

rS II 



2+ E ^ + "- ( 4 - 14 ) 



Case 3. n = 2, = 0. By Propositions 13.21 and 13.31 we have 

Ai(^u) < ||«o||*-i/ a + E II^K V U )|| L j ii(Rx0a) . (4.15) 



Using the same way as in Case 2, we have 



M+l 

Ai(^)<Kb- 1/2 + E ( 4 - 16 ) 

K+f=m+l 



Step 2. We consider the estimates of \<i{D^ Sfu), \fi\<\. Using the estimates 
of the maximal function as in Proposition 12.51 we have for |/3|<l,0<e<Cl, 

\ 2 (D^u) < \\S(t)DPu \\ ir(L ~ {RxQa)) + \\^D?F(u, V M )|| C(l ~ (MxQq)) 
< ||Z> /J u ||jj*/2+« + E \\ dPf ( u >V u )\\v<r,h»/'+<<r»)) 

<||«o|| fl »/»fi + .+ E E \\D P F(u,Vu)\\ LlLURxQa) . (4.17) 

\j3\<[n/2]+2a&Z n 

Applying the same way as in Step 1, for any < [n/2] + 2, 

M+l 

\\D^F(u,Vu)\\ LUQa) < e EII^IISS) E WDMl'M- 

K+u=m+l |/3|<1 | 7 |<3+[n/2] 

(4.18) 

By Holder's inequality, we have from (I4.18P that 

M+l 

\\D^F(u^u)\\ LtLmxQa) < E E \\DM\L U RxB a ) 

K +u=m+l | 7 |<3+[n/2] 

x y WD^urz+l i, . (4.i9) 
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Summarizing (I4.19P over all a e Z n , we have for any < 2 + [n/2], 
£ II^F( U ,V«)|| L i^ (RX Q a) 



M+l 

K+U=m +1 | 7 |<3+[n/2] |/3|<laeZ n ' 
M+l 

< E E E E ll^^ll^"i)n^(MxB Q ) 

re+ jy= m+ l | 7 |<3+[n/2] \f5\<la& n 
M+l 

< E E E (HD^u)^- 1 + Agp^)^ 1 ) 

K+V=m +1 | 7 |<3+[n/2] |/3|<1 
M+l 

< E Q R+V - (4- 2 °) 

/t+v=m+l 



Combining (14.1 7p with O4.20p . we obtain that 



M+l 

£ A 2 (D^u) < ||uo||*»/ a+ i + . + E ( 4 - 21 ) 

|/3|<1 K+v=m+l 



5iep 3. We estimate \ 3 (D p &u), \/3\ < 1. In view of Proposition I2.9[ one has 
that 

X 3 {D^^u) < ||S(t)D%|| C(L 2 mL?(RxQa)) + ||^-D^-P(u,Vu)||^ (i 2 m ^ (RxQa)) 

< ll^oll 

I/3|<1 

< ||tio||fl*/*n + £ E ll^(«,V«)|| L i i3CRx g a) , (4.22) 

|/3|<[n/2+2] «6Z™ 

which reduces to the case as in (j4.17p . 

Therefore, collecting the estimates as in Steps 1-3, we have for n > 3, 

M+l 

E MD^u) + E E HD^u) < \\u \\ H s + £ 6 K+U , ( 4 -23) 

|/3|<3+[n/2] i=2,3 \(3\<1 K+v=m+l 

and for n > 2, 

M+l 

E Ai(D^ti) + E E AiCi^^tt) < HtlollflT^-i/a + E Q^- 
|/3|<4 i=2,3|/3|<l K+i/=m+l 

(4.24) 

It follows that for n > 3, ^ : ^ n — > *2) n is a contraction mapping if g and 
||wo||i? s are small enough (similarly for n = 2). 



27 



Before considering the case s > n/2 + 3/2, we first establish a nonlinear 
mapping estimate: 

Lemma 4.2 Let n > 2, s > 0, K 6 N. Let 1 < p,pi,q,qi < oo satisfy 
1/p = 1/px + (K - l)/p 2 and l/q=l/q 1 + (K - l)/q 2 - We have 



IK-.va-IU 



^i(L t 9 Lg(RxQ a )) 



< 



K 

E 



k=l 

x n 

i^k,i=l,...,K 



\ V i\\i\^-\LfL p x \RxQ a )Y 



(4.25) 



Proof. Denote S r u = J2j< r We have 

oo 

Vi...V K = E (S r +lVl...S r+ iV K - SrVx-.-SrVx), 
r=-l 

where we assume that S-\v = 0. Recall the identity, 

K K K 

Y[a k - Y[b k = J2( a k-h) II b i II a i-> 

k=l k=l k=l i<k~l i>k+l 

where we assume that rL<o a « = T\i>K+i = 1- We have 

oo K k-l K 

V 1 ...V K = E E ^r+lVk II SrVi J[ S r+1 Vi. 
r=-lk=l i=l i=k+l 



Hence, it follows that 

\\Vl...VK\\ e ^ WL P {RxQci)) 

oo 

= E 2 ^ E \\ A j( V l- V K)\\^ t LU^Q a ) 

k-l K 



K oo oo 

<EE2 SJ E E 

k=lj=D aeZ ?l r=-l 



i=l i=k+l 



L q t LP(RxQ a ) 



Using the support property of A r v and S r v, we see that 



(4.26) 



(4.27) 



(4.28) 



(4.29) 



fc-l K 

A^A^^n^i II S r+1 Vi) = 0, ]>r + C. (4.30) 

i=l i=k+l 

Using the fact || / fd^Wx < / ||/|U^A* 5 one has that 

E UA;/|| < E L \& 1 <Pj(y)\\\f( t , x - y)\\LfL%(uxQ a )dy 
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< sup \\f(t^-y)\\qL%(RxQ a ) / \& 1( Pj(y)\dy 



< 



E 



xQa) ■ 



(4.31) 



Collecting fl4.29p - fl4.3ip and using Fubini's Theorem, we have 
\\vi---V K \Us e i aiL * L p {RxQa)) 



if oo 

<EE E 2Si E 

fc=lr=-lj<r+C aeZ™ 
if oo 

< E E E 2 SJ E 

fc=l r=-l j<r+C 



fc-1 if 

Aj(A r+1 V k Y[ S r Vi ]J Sr+lVi) 
i=l i=fc+l 



L«Lg(RxQ Q ) 



fc-1 if 
i=l i=k+l 



if OO 

< E E 2* E 

fc=l r=-l 



fc-1 if 
i=l i=k+l 



L q t L p x (RxQ a ) 



if oo 

<E E 2 sr E IIA^fcii i?1 ^ 

fc=lr=-l aeZ" 
if 

~ E 1 1 v * 1 1 ^"<gp (i* 1 iS 1 (Rx 

fc=l aeZ n i^k, i=l,...,K 



n 



i^fc, i=i,...,K 



E II INk(L?L?(KxQ ))> ( 4 -32) 



the result follows. 

For short, we write ||Vw||x = H^uHx + ••• + ||0x„ u l|x- 
Lemma 4.3 Let n > 3. We have for any s > 

E II^W^oll^^ J MxQq)) < 1 1 w 1 1 ^+1/2, 



□ 



fc=0,l 



E K VfcF H^-(L^(IRxQ Q )) - II- H«(iL(KxQ«))- 



(4.33) 
(4.34) 



fc=0,l 



Proof. In view of Corollary 13.51 and Propositions 13.11 and 13. 6[ we have the 
results, as desired. □ 

Lemma 4.4 Let n = 2. We have for any s > 



E \\sm k uo\\ 



fc=0,l 



K vf II^(^L(kxq q) ) 

\\^F\\ £ i S£s , iL 2j RxQoi)) 



< 


H M ollB^+ 1/2 nii-i/2' 


(4.35) 


< 




(4.36) 


< 


ll^ll^i^L^MxQc))- 


(4.37) 



Proof. By Propositions 13.21 13.31 and 13.61 we have the results, as desired. □ 
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We now continue the proof of Theorem 1 1 . 1 1 and now we consider the general 
case s > n/2 + 3/2. We write 



i=0,l 
£=0,1 



i=0,l 

^={ M : E M«)<e}- ( 4 -38) 

i=l,2,3 

Note Aj and ^ defined here are different from those in the above. We only give 
the details of the proof in the case n > 3 and the case n = 2 can be shown in 
a slightly different way. Let 3F be defined as in (14.41) . Using Lemma [4.31 we 
have 

Ai(^«) < Kbi, + ll^ll,M-v 2 ^ (L ^ (RxQa)) - (4.39) 
For simplicity, we write 

(unvuy = u^xx^xr 1 ^ (4-40) 



\k\ — k± + k,2, \v\ = v\ + ... + V2n- By Lemma [4.21 we have 

||( M ) K (V M )n|,M-l/ 2 ^ (Lt(RxQQ)) 

Hence, if u G in view of (14.391) and (I4.4ip . we have 

Ai(^«) < KH^ + E <? W+M - (4-42) 

m+l<|re|+M<M+l 



In view of the estimate for the maximal function as in Proposition I2.5[ one 
has that 

US{t)u ) < \\uo\\ Bil . (4.43) 

and for i — 0, 1, 

oo - 

II^V*^ll^(LS-.(Rxo a » <Ei '^^-^(AiV^^H^^^Q^ 

i=o JM 

oo . 

E / IKa.v^Xt)!!^/^)^ 



3=0 
oo 

< 

3=0 
oo 



< ^ 2 ( S -i/2)i / ||(A,F)(r)|| L2(KJl) rfr. (4.44) 
i=o JR 
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Hence, by f l443|) and fICTj) . 

A 2 (^) < l^oll^ + ll^ll^-^c^CRxg.))- ( 445 ) 
Similar to (I4.45p . in view of Proposition 12. 9[ we have 

H&u) < \\u \\ B?2 i + \\F\\^ /2wLmxQci)y (4.46) 



In view of Lemma 14.21 we have 



fc iM |k|+|H-1 



4 ,a«i + iH-i) (i? (ki+ki-i) i?(RxQa)) 

x £ HV'till^-x^^ ^^j,. (4.47) 
«=o,i 

Hence, if u G @, we have 

A 2 (^) + A 3 (^)< ||«o||^ iI + E <? H+H - (4-48) 

m+l<|/c| + |i/|<Af+l 

Repeating the procedures as in the above, we obtain that there exists wef 
satisfying the integral equation 2?u = u, which finishes the proof of Theorem 

o □ 



5 Proof of Theorem 11.21 



We begin with the following 

Lemma 5.1 Let srf be as in (jl.9p . There exists a constant C(T) > 1 which 
depends only on T and n such that 

E W^^ F Wehei(L^([o,T]xQ a )) < c ( T )\\ F \\e^ 2 £i a{ LlLU[o,T]xQ a )y ( 5A ) 

i=0,l 



Proof. Using Minkowski's inequality and Proposition 12.11 

II^V l F|| £ i £ 2( L? o ([ ,T]xQ o )) 

< E ( E ( f T llSit-r^F^ll^T^dr) 

T ( \ V2 

< E f E l|5(^-^) n fc V l F(r)||i. ([0iT])<Qa) dr 

< E f T \p k ^F(r)\\ Ml/2 dr. (5.2) 



1/2 
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It is easy to see that for i — 0, 1, 

\PkVF\\ ul/ * < (k)V 2 \\n k F\\ LHRn) < (k)' i/2 £ \P k F\\ LHQa) . (5.3) 

By ( 15. 2p and (15.31) . we immediately have (15.11) . □ 
Lemma 5.2 Let srf be as in ( II. 9p . Let n>2, s > 0. T/ien we have 

E H VWF H^ s ^(LL([0^]xQ a )) - ( T ) 1/2 H i71 H^^i(if ^( [0 ,T]xQ Q ))- ( 5 - 4 ) 
i=0,l 



Proof. In view of Proposition 13. 6[ we have 

\\^^ F \\lh 3 l^{Ll x {[0,T\y.Q a )) ~ \\ F \\eh a eULi x ([o,T]xQ a ))- ( 5 - 5 ) 
By Propositions 13.11 and 13.31 

\\^ F \\ihe?(LlJ[0,T]xQ a )) < \\ F \\^tUL\LU\0,T]xQ a )) 

<T 1/2 ||F||,M 4(it{[0iT]xQQ)) . (5.6) 

By ( 15. 5 p and (15.61) we immediately have (15 .4p . □ 
Lemma 5.3 Let n>2, S{t) be as in (II. 9p . Then we have for i = 0, 1, 

||V^(t)w ||^^ (L 2 :c([0|r]xQa)) < ||n ||^+i/2, n > 3, (5.7) 

l|V*5 , (t)t*o||^/ g .(^ iB ( [0 ,T|xg < ,)) ~ lkoll A/ |+V2 n ^_i /2 , n = 2. (5.8) 



Proof. ( 15. 7p follows from Corollary 13.51 For n = 2, by Proposition 13.21 we 
have the result, as desired. □ 

Lemma 5.4 Let n > 2, s > 0, L £ N, L > 3. Lei 1 < p,Pi,q,qi < oo satisfy 
\jp— 1/pi + (L - l)/p2 and l/q = l/q\ + (L - l)/q2- We have 



\ v l--- v L\\eh°ii( L i L Pr IX Q a)) <Y. 



1=1 

X IT W V ih^-\L?L?(IxQ a )y ( 5 - 9 ) 
#1,1=1,.. .,L 



Proof. Using the identity 



v\...v L = u k 1 v 1 ...U kL v L (5.10) 

ki,...,k L eZ n 



32 



and noticing the fact that 

U k (U klVl ...U kL v L ) = 0, \k - h - ... - k L \ > C(L, n), (5.11) 

we have 

IK-" U £|l&*4(£?l£(IxQa)) 
= E ( k )" E \\ n k(vi-V L )\\LlLUlxQ a ) 

< E E ( k ) S E \\ a k(a klVl ...n kL v L )\\ LlLUlxQa) . (5.12) 

ki,...,k n €Z n \k-k 1 -...-k L \<C a£Z n 

Similar to (14.31 j) and noticing the fact that H^^c^Hl^r™) < 1, we have 

E II U kf\\L q t L p x {IxQ a ) = E \\(^ 1(J k) * f\\L q t L p x (IxQ a ) 

at=Z n at=Z n 



< f |(^-V fe )0/)| [ E \\f(t,x-y)\\ LtmixQa) ) dy 
JRn \aez n ) 

< SUp \\f(^ X - y)\\LlLl{IxQ a )\\^~ X Pk\W{Wi) 

< E \\f\\LfL%(IxQ a )- (5-13) 



By (I5TT2D and (l5TT3|) . we have 
\\vi-VL\\ e ^ii aiL i L P iIxQa)) 

< E E ( fc ) S E l^fei^-^fc^ilUfiK/xQc,) 
fci,...,fc„eZ" |fe-jfci-...-fei|<C aez n 

< J] + - + <W E \Pk 1 v 1 ...D kL v L \\ L , LUlxQa) . (5.14) 
fci,...,fc„ez n aez™ 

By Holder's inequality, 

E ( fc i) s E \\ n kiVi...n kL v L \\ L < LPx{IxQa) 

?ci,...,fe n GZ n a£Z™ 

L 

< E ( fc l) S E ll n fci^l|lL?iLS2 (Jx Q Q) nil n fc^i|lL?2 LS2(/x Q tt) 

ki,...,k n ez n a& n i=2 

L 

^\\ v l\\&t°°(L?I&(IxQ a )) E E II W n kM L q t 2 L p x HlxQ a ) 

k 2 ,...,k n £Z n aGZ™ i=2 

L 

<\\M&'t%{Ly-I&{IxQ a )) E ni^^^ll^-^LPLS^/xOa)) 

k 2 ,...,k n GZ n i=2 

L 

< lkl||^ ? ( L «i L S 2 (/xQc < ))nil^ll^- 1 (4 2 ^ 2 (/xQ a ))- ( 5 - 15 ) 

The result follows. □ 
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Proof of Theorem 11.21 Denote 



Ai(^) = E llv*«|u»/> 



i=0,l 



tS a/4 t^(l4J[0,T\xQ a )V 



^(v) - E \\V lv \Uhei(L%° x ([a,T]xQ a ))- 



i=0,l 



Put 

^ = {u : Ai(«) + A 2 («) < 0} • (5-16) 

Let ^ be as in (14.41) . We will show that SF : ^ — > ^ is a contraction mapping. 
First, we consider the case n > 3. Let u E S 1 . By Lemmas 15.21 and 15.31 we 
have 

Ai(^«) < KH^ + ( r ) 1/2 H i? ll^3/ 24(i ^ ([0 , T]xQa)) . (5.17) 
We use the same notation as in (I4.4UI) . We have from Lemma [5.41 that 

\\( u ) h (^ u y\\ e ^/ 2 e i a{L 2j [0iT]xQa)) ^ E H VlU ll^ ,3/ V(i t %([0,T]xQ a )) 



i=0,l 



fc=0,l 

< Ai(w)A 2 (w) |k|+h ~ 1 < £ W+H . (5.1? 



Hence, for n > 3, 



M 

Ai(^)<KHm| i1 + E H+H - (5-19) 

|K|+M=m+1 

Next, we consider the estimate of Xi^Zfu). By Lemma 15.11 and Proposition 



U^u) < \\u4 M m + C{n\n^ { ^ mitQa)v (5-20) 
which reduces to the estimates of Ai(-) as in f)5.17p . Similarly, for n = 2, 

M 

\i(3?u) + \ 2 {3Tu) < WM^ntr-w + E W+H - (5-21) 

|re|+H=m+l 



Repeating the procedures as in the proof of Theorem 11.11 we can show our 
results, as desired. □ 
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6 Proof of Theorem 11.31 



The proof of Theorem 11.31 follows an analogous way as that in Theorems 
11.11 and 11.21 and will be sketched. Put 



M«) = E ll v<u ll£-v* w? 



2 ™xQ a ))' 



i=0,l 



^2(U) - E l|V^||£l£m (L c»( Rx Q Q 



))• 



i=0,l 



i=0,l 

Put 

^ = {u : Ai(n) + A 2 (u) + A 3 (u) < (?} . (6.1) 

Let ST be as in (14.41) . We show that ST : S — > 0. We only consider the case 
n > 3. It follows from Lemma [5.31 and [4731 that 

Ai(^u) £ Nlk^ + II^II^-v^i^^q^)- (6.2) 

Using Lemma [5.41 and similar to (15.181) . one sees that if u G 5?, then 

Ai(^«) < KIIm| a + E <? W+M - ( 6 - 3 ) 

m+l<|/«|+M<M+l 

Using Proposition 12. 101 and combining the proof of (I4.44p - (l4.46p . we see that 
A 2 (^u) + A 3 (^u) < \\u \\ Mli + Q M+H - ( 6 - 4 ) 

m+l<|/c| + |i/|<Af+l 

The left part of the proof is analogous to that of Theorems 11.11 and 11.21 and 
the details are omitted. □ 



7 Proof of Theorem 11.41 



We prove Theorem 11.41 by following some ideas as in Molinet and Ribaud 
[23] and Wang and Huang [33]. The following is the estimates for the solu- 
tions of the linear Schrodinger equation, see [ToTl23|l33j . Recall that Aj : = 
&- x 8{2-' j G Z and £(■) is as in Section O 

Lemma 7.1 Let g G ^(R)J G ^(R 2 ), 4 < p < oo. T/ien we /icrae 

||A i S , (t)^|| irJ 4nL« >1 £ ll A ;#IU 2 > (7.1) 



35 



|A,5(^|| L?oL? <2-^|| A ^|| L2) 



(7.2) 
(7.3) 



Aj^f\\ LrLlnL e t < ||A,/|| 



3J Hi' 



6/5, 



IA. 



<2^l-D||A i /|L 6/5 



L i,( 



|A^/|U-^ < 2-'V 2 ||A i . 



r6/5 



(7.4) 
(7.5) 
(7.6) 



and 



\A^(d x f)\\ LrLlnLlt < 2^||A,/|| L , L? , 

||A^(^/)|| W < 2^2^^F ) ||A J /|| Liit2 , 



(7.7) 

(7.8) 
(7.9) 



For convenience, we write for any Banach function space X, 



E 2*11^/11*. 



Lemma 7.2 Lei s > 0, 1 < p,Pi,j,ji < oo satisfy 



11 111 1 

£> Pi "' Pn 1 7i "' 7jv' 



(7.10) 



Then 



N 



||ui„.Ujv|| 



< 



i=2 

+ ll n 2||^ ( ^2 L 7 2) n \\ U ih\(L^L»>) 
i^2,i=l,...,N 

JV-1 

+ ...+ J] llMill^^i?)!!^!!^^^)' 

i=l 

: ... = un = u, then 



and in particular, if u\ 



(7.11) 



N 



II 



N 

i n -v, ^ L 1 «<Vr 1 'i rTi^ I ML? 1 (T Pi T li ^- 



(7.12) 



Substituting the spaces L^Lj and L^L] 1 by L]L? and L]'L Pi , respectively, 
fT7TTTj) and (T7TT2j) also holds. 
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Proof. We only consider the case N = 2 and the case N > 2 can be handled 
in a similar way. We have 

oo 

uiu 2 = [(S r+ iu 1 )(S r+1 u 2 ) - (<S , r ui)(5 , r « 2 )] 

r=— oo 
oo 

= ^ [(A r+1 u 1 )(S r+1 u 2 ) + (S r u 1 )(A r+1 u 2 )], (7.13) 

r=— oo 

and 

A J (n 1 u 2 ) = A/ ]T [(A r+ i«i)(S , r+ i« 2 ) + (S , r «i)(A r+ i« 2 )]Y (7.14) 

^ r>j-10 ' 

We may assume, without loss of generality that there is only the first term in 
the right hand side of f)7.14p and the second term can be handled in the same 
way. It follows from Bernstein's estimate, Holder's and Young's inequalities 
that 

£2^|A> lU2 )!| x5L? <£2^ £ \\(A r+lUl )(S r+1 u 2 )\\ LU1 
jez j&l r>j'-lO 

<^ 2 SJ ^ \\^r+lUl\\ L Pi L -ri\\S r+1 U 2 \\ L P2 L J2 
jgZ r>j'-10 

<^2'^ £ 2-IIA^^II^^II^^H^^ 
jez r>j-lo 

^ IK 11^(^1x^)11^2 (7-15) 
which implies the result, as desired. □ 

Remark 7.3 One easily sees that f)7.12p can be slightly improved by 



u 



N 

N 



t^{Ll L J) ~ Mfi-'V&I?) II W U \\l%Lf- (7-16) 

In fact, from Minkowski's inequality it follows that 

\\SrU\\ L v L -< < |M| L P L 7. (7.17) 

From fl7~T5|) and flTTTTj) we get fl7~T6|) . 

Proof of Theorem 11.41 We can assume, without loss of generality that 

F(u,u,u x ,u x ) = \ KV u K u v x (7.18) 

m+l<K+v<M+l 

and the general case can be handled in the same way. 
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Step 1. We consider the case m > 4. Recall that 

HU= sup EEl^till., (7.19) 

s m <s<s M i=01 j gZ 



|A^||| s :=2^(||A^|| Lrigni 6 t + 2^||A^|| 



+ 2 (s - s " m)j ||A j t;|| L m i oo + 2 (s - SM)j '||A i w|| L M ir . (7.20) 
Considering the mapping 

& : u(t) -> S(t)u - ie/F(u, u, u x , u x ), (7.21) 
we will show that ST : X — > X is a contraction mapping. We have 

II^WIU < ||S(tH|U + KF( M ,M, Ma; ,^.)IU. (7.22) 
In view of (Tfljl . (O) and (O) we have, 

III^A^(t)no||| s <2 s i^A,n || 2 . (7.23) 

It follows that 

\\S(t)u Q \\ x < sup £ £ 2 *ll£ A i«olh < KH^^m. (7-24) 

We now estimate H^i^u, w, u x ,u x )\\x- We have from (17.41) . (17.51) and (17.61) 
that 

\\/\ 3 {^F{u,u,u x ,u x ))\\ s < 2 sj \\/\ 3 F{u, u, u x ,u x )\\ r e/*. (7.25) 

x,t 

From (EZD, (EHD and (E3) it follows that 

|||A^<9 x F(u,u,^,^))||| s < 2 SJ 2^A j F( M ,w, Mx ,w x )|| L i L 2. (7.26) 
Hence, from (17TT9]) . (17251) and (T736|) we have 
|KF(n, w, u x ) || x < V 2 SJ || AjF(u, u, u x , u x ) || 6/6 

+ ^2^/ 2 ||A J F(n,n,n :c ,n :c )|| i i L? =/ + //. (7.27) 



Now we perform the nonlinear estimates. By Lemma I7.2[ 



/< E 

m+l<n+v<M+l 



l U ll^'(iS, t )ll U lln(i^- 1 )/a)ll U *IIJi(L^ , '" 1)/2 ) 



< E ( E E ll^>II^V- 2 ))- (7 ' 28) 

m+l<K+y<M+l i=0,l i=0,l AK x ' f ' 
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For any m < A < M, we let - p = \ — It is easy to see that the following 
inclusions hold: 

L?(R, H s >) n Lf (R, ^) C Lf /2 (M, H?) c L^f. (7.29) 
More precisely, we have 



E < J2 II A i^ll L 3A/2 



< V II A ll 4 / A II A || 1_4 / A 

~ ll^' M llL6(M,ij^)ll^' lt llL-(R,H s A) 

~ ll u lliMx(i,6^||u||^i,^(£,oo L |)- (7.30) 
Using (17.30j) and noticing that s m < s K+u -i < sm < 5a/, we have 

< (7.31) 
Combining f 1 7 . 2 8 f) with ( 17.3ip . we have 

E Mx"- (7-32) 

m.+l<K+i/<M+l 

Now we estimate II. By Lemma [7.21 

n% E ( ll M ll4 s+1/2 (L-L t 2 )ll M liri(W"- 1 ir)'' Ms '^i( L s + ''" lL t 00 ) 

m+l<K+i/<M+l 

+ ll^ll^^+i/a^^ajll^liy^-i^oollwll^^- 1 ^^ 

S E ( E \\diu\\^ +1/2 ) ( e Il^>ll2?-, r 

m+l<«+v<M+l i=0,l i=0,l 

< E NU( E ll^l^n W ) 

m+l<«+f<M+l i=0,l 

< E M\x +U - (7-33) 

m.+l<re+i/<M+l 

Collecting fl7T27l) . (QHD , flZ32) and (Ell, we have 

IKF^m,^,^)^ < E INI*"- (7-34) 

m+l<K+i/<M+l 

By (E22D, (HMD and (HMD 

ll^(*)l|x<lho||^ ran ^-M+ E IMIx* (7-35) 

2,1 2,1 m+l<re+f<M+l 
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Step 2. We consider the case m = 4. Recall that 

\\ u \\x= ^2 (\\dlu\\ LrL 2 nL 6 t + sup Yl\l d l A 3 u \\ 

i=0,l S5<s<sjvf jgg 

By (EH), (D and (Q, 

||5(*)«o||x<||«o|| 2 + sup E £2-'KA iUo ||2< Ikoll^M. (7.36) 

ss<s<sm i=0,lj6Z 2,1 

We now estimate ||^F(m, u, u x , u x )\\x- By Strichartz' and Holder's inequality, 
we have 

\\£/F(u,u, u x ,u x )\\ L ^ L 2 nL ^ t 

< e \\(\u\+\u x \r + x^ 

5<k+v<M+1 x,i 



5<K+i^<M+l 



fc a= I > 1 1 ,3(k+i/-i)/2 



E IKM + KI)lkJI(M + KI)ll2r n l3M /2 



5<«+i><Af+l 



< E (EI&IUl 

5<k+i/<M+1 i=0,l 

+ E ( E ll^«IU 2 . t )( E II^H^)^" 1 . (7.37) 



5<k+i^<A/+1 i=0,l i=0,l 

Applying (I7.30p . we see that (I7.37P implies that 



\\^F(u,U,U x ,U x )\\ LrLgnL e < J2 \Hx V - ( 7 - 38 ) 



5<k+u<M+1 



From Bernstein's estimate and (17. 7p it follows that 

, U, U x , U X )\\ L 03 L 2 nL 6 t 

< \\P<i(fif d x F(u, u, u x , u x ))\\ Lr , L 2 nL 6 t 



, U, U x ,U x ))\\ L ^o L 2 nL G t 

< \\£?F(u,U,U x ,U x )\\ L oo L 2 nL 6 t 

+ J2^ /2 \\^F(u,u,u x ,u x )\\ LlL 2 

< \\£/F(u,u,u x ,u x )\\ Lr > L 2 xnL 6 t 

+ E 2 Sm 2^ 2 || AyF(u, u, u x , u x ) \\ LlL 2 = III + IV. (7.39) 



The estimates of III and IV have been given in (17.381) and (I7.33p . respectively. 
We have 

\\d x ^F{u,u,u x ,u x )\\ L?L 2 nL 6 t < E IMIx"- (7-40) 

5<K+!^<A/+l 
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We have from tiTM- RTfy . (I777jl - (I7^|1 that 

Y, lAj(*fF(u, u, u x , u x ))l\ s < E 2 SJ || AjF{u, u, u x , u x ) || L 6/ 5 , (7.41) 
jez jez M 

E \&j{rfd x F{u,%u x ,u x ))\\ a <Y J ^ s ^ jl2 \\^3F{u,u,u x ,u x )\\ LlL 2 (7.42) 
jez jez 

hold for all s > 0. The right hand side in (I7.42p has been estimated by (I7.33p . 

So, it suffices to consider the estimate of the right hand side in (17.411) . Let us 
observe the equality 

F(u,u,u x ,u x ) = E ^u K u" x + E KuU K u^:=V + VI. (7.43) 

k+u=5 5<k+v<M+1 

For any s 5 < s < §m, VI has been handled in (IT.28P (I7.32[) : 

E E2 SJ l|A,( M x)ll L ^< E h\\T- (7-44) 

b<n+v<M+l jeZ x '* 5<k+i/<M+1 



For the estimate of V, we use Remark 17.31 for any < s < §m, 

E Es^llA^x)!!^ < ( E felli 2t )( E IfelU^ 

K +u=5 jGZ ' i=0,l i=0,l 

< NLV (7.45) 
Summarizing the estimate above, 

\\&u(t)\\ x <\\uo\\ B i +SM + E W u Wx +u , (7-46) 

2,1 5<k+u<M+1 

whence, we have the results, as desired. □ 
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